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Abstract 

We show that one-loop scalar box functions can be interpreted as volumes of geodesic 
tetrahedra embedded in a copy of AdS 5 that has dual conformal space-time as boundary. 
When the tetrahedron is space-like, it lies in a totally geodesic hyperbolic three-space 
inside AdSs, with its four vertices on the boundary. It is a classical result that the volume 
of such a tetrahedron is given by the Bloch-Wigner dilogarithm we show that this agrees 
with the standard physics formulae for such box functions. The combinations of box 
functions that arise in the n-particle one-loop MHV amplitude in M = 4 super Yang- 
Mills correspond to the volume of a three-dimensional polytope without boundary, all of 
whose vertices are attached to a null polygon (which in other formulations is interpreted 
clS cL Wilson loop) at infinity. 



1 Introduction 



A key property of planar scattering amplitudes in M = 4 super Yang-Mills is the existence 
of a 'dual' copy of the conformal group. While the usual conformal group acts on the 
compactification of space-time, this dual conformal group acts on the compactified space 
of region momenta. 

The dual conformal group first emerged in studies [IH3] of various integrals that con- 
tribute to planar amplitudes, and was used in [4] to construct an ansatz for the four- 
particle amplitude at five loops. Its significance was greatly enhanced by the work of 
Alday & Maldacena [5J, calculating the strong coupling limit of planar amplitudes from 
the area of a minimal surface (string worldsheet) embedded in a copy of five dimensional 
anti-de Sitter space whose boundary is the compactified space of region momenta. Dual 
conformal symmetry was then studied systematically at weak coupling in [6HTT] . and its 
presence understood as a reflection of the integrability of planar M = 4 super Yang-Mills 
in the amplitude sector [TJHlZj- Infra-red divergences render this symmetry anomalous, 
but it is conjectured to be an exact symmetry of the loop integrand. 

In [18J, Hodges introduced twistors for the dual conformal groupS, naming them mo- 
mentum twistors since they relate to the conformal geometry of momentum space. Hodges 
showed that NMHV tree amplitudes could be represented as volumes of polytopes in mo- 
mentum twistor space, providing a geometric understanding of the cancellation of spurious 
singularities present in individual BCFW terms. Subsequently, a general representation 
in momentum twistor space was found, conjecturally for all tree amplitudes and lead- 
ing singularities in [19] using a contour integral over an auxiliary Grassmannian. This 
Grassmannian integral is analogous and equivalent to the Grassmannian representation 
of tree amplitudes and leading singularities based on ordinary twistors for the space-time 
superconformal group [20]. [2T] . 

At one-loop, Passarino-Veltman reduction can be used to decompose four-dimensional 
scattering amplitudes into momentum space scalar integrals usually represented as boxes, 
triangles and bubbles. For M = 4 super Yang- Mills only boxes appear (22]- Very recently, 
these box functions have been studied using momentum twistors [23] ■ The purpose of this 
note is to show how this analysis leads to a new geometric interpretation of box functions 
as volumes of three-dimensional tetrahedra in the five dimensional anti-de Sitter space 
introduced in [5J that has compactified region momentum space as boundary. When the 
region momenta are all space-like separated, the tetrahedron lies in a totally geodesic 
hyperbolic three-space (Euclidean AdS 3 ) inside AdS 5 . It is a classical result that the 
volume of such an ideau tetrahedron is given by the Bloch-Wigner dilogarithm, and we 
show that this agrees with the evaluation of the four-mass box function in the physics 
literature [illM l^ofl . 

The scalar diagrams corresponding to box functions admit various degenerations where 

twistors can in general be denned to be the chiral (perhaps pure) spinors of any conformal group. 
2 A tetrahedron in hyperbolic space is ideal if all four vertices lie at infinity. 

3 While the relation between box functions and volumes of geodesic tetrahedra in hyperbolic space 
has been noted before (see e.g. these authors took the hyperbolic space to be the mass-shell 

p 2 = m 2 in momentum space. Geometrically, the hyperboloid p 2 — m 2 lies entirely at infinity in the 
AdSs considered in this paper, and its definition breaks dual conformal invariance. 
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one or more corners of the box become massless. In these limits the box functions them- 
selves diverge. This divergence can be seen clearly in the geometry, arising from the 
divergent volume of a tetrahedron when an entire edge goes to infinity (which occurs for 
each massless corner). The regularisation procedure of Alday & Henn et al. [2"9]I3"U] partic- 
ularly naturally in this context as it is equivalent to regularising the tetrahedron's volume 
by bringing its vertices in from the infinity of AdSs to lie on a finite surface, a horosphere. 
This procedure has a straightforward relationship with dimensional regularisation. 

One loop amplitudes in M = 4 SYM can be expressed as a sum over various different 
boxes [22], with coefficients determined by their leading singularities [31 J. The geometric 
point of view allows us to regard the sum of boxes as the 3-volume of the union of the 
constituent tetrahedra. In the simplest case of n-particle MHV amplitudes, we show 
that the corresponding tetrahedra fit together to form a 3-dimensional polytope without 
2-boundary, embedded in AdSs. This gives a coherent geometrical realisation of the 
amplitude as the volume of a closed (piecewise linear) 3-manifold. Recent work [32] 
suggests that this correspondence between amplitudes and polytopes can be extended to 
higher MHV degree. 



2 Box functions as tetrahedra in AdSs 

The external momenta pi of an n-particle colour-ordered Yang-Mills amplitude may be 
encoded in n region momenta Xj, defined up to overall translation by 

x i ~ = Pii x n+l = x l (1) 

so that momentum conservation is automatic. In terms of region momenta, the 4-mass 
box function is defined to b^ 

F{l j k i) ■= _ JL [ ^ (2) 

8tt 2 y R3 ,i (x 2 0i + ie) (x 2 0j + ie) (x 2 k + ie) (x 2 0l + ie) ' 

where N is a normalisation factor (determined below) and xq is the region momentum at 
the centre of the box (see figured]). Following standard practice, we will implement the 
Feynman ie-prescription by analytically continuing the integrand of (|2]) to the space of 
complexified region momenta, and rotating the contour of integration to the Euclidean 
real slice, where we may set e = 0. 

It has long been known [T],[2] that when e = 0, the 4-mass box function is invariant 
under a 'dual' conformal symmetry that acts on the region momenta x in the same 
way as the usual conformal transformations act on space-time coordinates. This dual 
conformal symmetry becomes far more significant in the M = 4 supersymmetric theory, 
as it is conjectured to extend (albeit anomalously) to the full planar amplitude [5]|6l|9] 
and may be viewed as the imprint of the integrability of the planar theory on scattering 
amplitudes [14"] ITT]. 



4 The factor — l/8ir 2 comes from the standard normalisation — (47r) 2_e /(27r) 4_2£ of the dimensionally 
regularised box function (in the limit e — > for the hnite 4-mass box), together with the difference 
between our N and the Gram determinant of e.g. [22] . 



2 




Figure 1: The ^-mass box function is defined by the integral (jSj). The region momenta 
are fixed up to overall translation by Xi — x i+ \ = p i; while the momentum running through 
a propagator is given by the difference of the region coordinates on either side of that 
propagator. 

Dual conformal transformations do not act on the space x, because they can exchange 
a finite point with a point 'at infinity'. To make invariance manifest, we will re-express 
the region momenta in terms of skew matrices X a @ (a, = 0, . . . , 3), taking 

A A' . v a(3 _ ( — \t AB X 2 1X A B , 



x — y X = I a. ; ] . (3) 

1 -vc J? e A > B < 1 



Any matrix X of this form satisfies 



X-X:=^e a ^ s X^X^ = 0, (4) 

while for two such matrices X t and Xj we have 

Xi ■ X 3 = -( Xi - x,) 2 . (5) 

(We work with a (H ) signature space-time, so that Xi ■ Xj > if % and j are 

space-like separated.) 

The special form of X given in (J3J) really represents a particular coordinate patch 
of (dual) conformally compactified space-time. The full, compacitified space may be 
thought of as the quadric X ■ X = in MP 5 , on which X af3 ~ AX Q/3 are homogeneous 
coordinates. This quadric has signatures (2,4), (1,5) or (3,3) (and hence topology S 1 x S 3 , 
S 4 or (S 2 x S 2 )/Z 2 ) in Lorentzian, Euclidean or ultrahyperbolic signature space-times, 
respectively. Dual conformal transformations act on MP 5 via the vector field 



showing in particular that conformal transformations respect the linear structure of MP 5 
(whereas the linear structure of a Minkowski coordinate patch is not preserved). 

The Feynman is prescription can be satisfied by analytically continuing the integrand 
to Euclidean signature and setting e = 0. We can therefore recast (EJ) as the contour 
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integral 

n r D*X 



F(i,j,k,l) = ——=<b - - - - v v — — , (7) 



7r Jgi X-Xi X-Xj X-Xk X-Xf 



where the holomorphic 4-form D X is defined as 



n4 ^ 1 f XAdXAdXAdlAdXAdl 
L) X \ — — 



TTi Jgl X 2 

in terms of the canonical SL(6,C)-invariant top form of weight 6 on CP 5 . The S 1 contour 
in (JHJ) is chosen to encircle the simple pole at X 2 = 0, and so restricts the remaining 
integral to the complex quadric X ■ X = 0. The S A contour in ([7]) is an integration over 
(dual) conformally compactified Euclidean space. Notice that we can replace the non- 
compact integral over Euclidean space (j2J) by an integral over S 4 because ([2]) is regular 
as xq — > oo, reflecting the UV finiteness of the original momentum space expression. The 
normalization factor N is fixed by the requirement 

(2vri) 4 J (sl) 4 X-X, X-X 3 X-X k X-X t ~ 1 ' ,<!) 

where the contour is now taken to compute the residue at each simple pole in the denom- 
inator (corresponding to cutting each of the four propagators in figured]). This integral 
is straightforward^) and yields 

N =\X i AX j AX k AXi\ (10) 

where | • | denotes the norm induced on 4-forms from the flat six-dimensional metric. Note 
that the sign of this normalisation factor depends on the orientation of the contour used 
to perform (J9j). This orientation is determined by an ordering of the points Xi,Xj,X k 
and Xi. 

We can use the standard Feynman trick to reduce the denominator of (J7|) to a simple 
factor of degree 4. Introducing four real Feynman parameters a a G [0, 1] =: J, with 
a = 1, . . . , 4 one has 



5 The integral may be performed by first choosing two vectors J?,FgC 6 that are null, perpendicular 
to the span of Xi, and obey E ■ F = 1. The affine coordinate chart of CP 5 where X ■ F = 1 then has 
coordinates y\ = X ■ Xi, yi = X ■ Xj, . . . , y§ = X ■ E. On this chart we can combine equations ([5]) 
and © to obtain the contour integral 

(27ri) 4 1 1 f dj/i A dj/2 A dy 3 A dy 4 A dy 5 



7ri \E A F A Xi A X 3 AX k AXi\J ymVsVA^E ■ F + Q(y, y)) 
i I I dyi dy 2 dy 3 dy 4 dy 5 



2ni \Xi A Xj A X k A Xi\ J yi y 2 y3 V4 V5 
where Q(y, y) is the part of the quadratic X ■ X involving only y-y, . . . , j/4. This now leads directly to (fT0|) 
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where 

X(a) := axXi + a 2 X j + a 3 X k + a 4 X t . (12) 

In this MP 5 framework, the individual propagators combine in a linear fashion, compared 
to the quadratic expression one finds in momentum space. The difference arises because 
m MP 5 , the propagator factors are linear in the homogeneous coordinates as a consequence 
of (jSJ). In using the embedding in MP 5 , the tetrahedron of Feynman parameters, embedded 
via the X(a) of equation (112j) . lies in the interior of AdS rather than being restricted to 
lie on the boundary X ■ X = as in earlier work, for example [25-28J. As we will see, the 
linearity of X(a) in the a a implies that the embedding is totally geodesically for the AdS 
metric. 

The D A X integral can be performed using momentum twistors. X 2 = ensures that 
X a ? = Al a B® for some pair of linearly independent (momentum) twistors A, B. We can 
thus replace the X integral by an integral over A and B separately 

D 4 X 1 f D 3 AD 3 B 

(13) 



5 4 (X ■ X{a)Y 2vri J„, (A"B?X a p(a))* 

where the contour is over a copy of CP 3 C CP^ x CP| defined by A = B, where B denotes 
Euclidean complex conjugation 

Z a = (Z°, Z\ Z 2 , Z 3 ) ^ Z a = {-Z 1 , Z 5 , -~ZP, Z 2 ) . (14) 

Euclidean conjugation has no fixed points in twistor space, so on the contour A = B, A 
and B never coincide and the integral on the right of ( ITBl may be thought of as taken 
over the total space of the fibration 

S 2 — > CP 3 

(15) 



thus encoding the original integral over conformally compactified Euclidean space (the 
factor of l/27ri in ( TT3l) compensates for the integration over the fibres; see [23] for further 
discussion). This integral can be evaluated as 

D 3 AD 3 B 1 / D 3 AD 3 C (2vri) 3 . . 

(16) 



{A a BPX af} {a)y detA(a) J„z {A a C a ) A 6detA(a) 

where we have changed variables B@ — >■ C a :— X a pB^ at the expense of a Jacobian, and 
then used the fact that the remaining integral is just i 3 times the volume of CP 3 in the 
Fubini-Study metric. Since X(a) is skew symmetric 

det X{a) = (Pfaff X(a)) 2 = ^{X{a) ■ X(a)) 2 (17) 

where we recall that the dot product is defined by the four index e-symbol that also 
defines the Pfaffian. Thus we obtain 
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Figure 2: An ideal tetrahedron in AdS, shown in both the Klein-Beltrami (I) and Poincare 
(r) models. All vertices lie on the conformal boundary at infinity, and each edge is an 
AdS geodesic. 



for the Euclidean 4-mass box integral. 

We now turn to a geometric interpretation of this formula. The expression 

X(a) = oi\Xi + a 2 Xj + a 3 X k + a^X\ 



(19) 



defines a linear map from the space of Feynman parameters, the unit simplex in IR 3 , to 
MP 5 . Provided the four vertices X^ Xj, X k and Xi are space- like separated (always true in 
Euclidean signature) we have X(a) -X(a) > 0, so we may take advantage of the projective 
invariance of (|T8l) to introduce normalised coordinates 



Y(a) 



X(a) 



y/X{a) ■ X(a) 



(20) 



obeying Y ■ Y = 1. Thus Y defines a map from the space of Feynman parameters to Eu- 
clidean AdSs, i.e., the five dimensional hyperbolic ball. Straight lines in MP 5 are precisely 
the geodesies in AdSs, so as the a a vary over the 3-simplex [a a G R-° | Y^t=i a a = l}> 
Y(a) varies over a tetrahedron in AdSs whose vertices lies on the boundary at infinity, 
and whose edges and faces are totally geodesic. Such a tetrahedron is called ideal, and is 
depicted in figure [2j 

We wish to show that F(i,j,k,l) is simply (twice) the 3- volume of this ideal tetra- 
hedron. Using the delta function to eliminate this volume can be written as the 
integral 



Vol(z,j,M) 



d'a 



dY(a) dY(a) dY(a) 



da i 



A 



da-. 



A 



da ? 



(21) 



where | • | denotes the norm on 3-forms induced by the flat metric in R 6 D AdSs. Because 
Y{a) is normalised, each derivative dY(a)/da a is orthogonal to Y(a) itself, so 



dY(a) a dY(a) ^ dY(a) 



da i 



da? 



da?, 



, , dY(a) dY(a) dY(a) 
Y(a) A ^ v ' A ^ v 1 A 



da i 



da? 



da? 



(22) 
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where now the norm is that on 4-forms. The volume integral then reduces to 

Vol (i,j,k,l) = / d a a J , (23) 

which is exactly one half the expression for the 4-mass box function obtained above. 
Since four genericj§ points span a 3-space, any given tetrahedron in fact lies inside some 
hyperbolic 3-space C AdSs. (When we consider amplitudes in section 0] it will be natural 
to add various box functions together but it is then important to remember that different 
tetrahedra lie in different three dimensional subspaces.) 

Explicit formulae for this volume have been known since Lobachevskii [33]. It may be 
succinctly expressed as 

B(z) := Im {Li 2 (z)} + arg(l — z) log \z\ 

= l - {U 2 {z) - U 2 {z)) + i (log(l -z)- log(l - z)) \og{zz) , (24) 

where B(z) is the 'Bloch-Wigner dilogarithm' (and Li 2 (z) = — J*log(l — t)dt/t is the 
usual 'Spence' dilogarithm), whose argument z is interpreted as the cross-ratio of the 
location of the four vertices on the boundary 2-sphere of the hyperbolic 3-space (see 
e.g. [M] for a review). The two-term dilogarithm identities show that B(z) depends on 
the ordering of the four points in the cross-ratio only up to sign; equivalently, the sign of 
B(z) depends on the orientation of the tetrahedron. 

We can make contact with the physics literature expression for the 4-mass box [Tjl2~4] 
as follows. We note first that the span of Xi,Xj,Xf.,Xi in MP 5 is an MP 3 and that 
generically, X ■ X restricts to give a non-singular quadric (an S 2 in our Euclideanized 
setup) in this MP 3 . We can choose homogeneous coordinates y^ % — 1, . . . , 4 on this MP 
so that 

X • X\ m a=y 1 y 2 -yl-yl. (25) 

In these coordinates, the natural parametrization of points on the quadric by a complex 
coordinate (, defined up to a Mobius transformation, is given by 

(2/1,02,2/3,2/4) = (l,CC,ReC,ImC). (26) 

Since X{, Xj, Xk, X\ all lie on the quadric, they each correspond to a particular value of 
(, and we can use the Mobius freedom to set 

(CiXjXkXi) = (0,1,00,*). (27) 
With these choices, we can now see that 

Xj • X] Xj • Xh , , . , , Xj • Xh X] • x« , . 

^ — i — j — * d (\-z)(\-z) = — — - — - — 1 28 

The Lorentzian formula may be obtained by analytic continuation of the above Eu- 
clidean result, replacing z by z and treating z and z as independent complex variables. 
To do so one must specifiy a branch of the dilogarithm, and the correct choice depends 
on the channel of the scattering process (see e.g. [25l|35] for details). 



6 If the positions of the four vertices are not linearly independent, the normalization factor 
\Xj A Xj A Xk A X{\ vanishes and the volume is zero. This is obvious geometrically - the tetrahedron is 
squashed flat. 
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Figure 3: The 3-mass box integral has an entire edge along the boundary at infinity, so 
its volume diverges. This edge lies along a null geodesic (shown in blue) and the quadric 
X ■ X = is ruled by these null lines. 

3 Regularisation of lower-mass box functions 

Infrared divergences in M = 4 super Yang-Mills amplitudes arise from degenerations of 
the 4-mass box function when there is just a single external massless particle attached to 
one or more corners of the box (in Lorentzian signature). Since the vertices each lie on 
the Klein quadric, the condition = = (xj-i — x,i) 2 = A, ■ Aj_i = implies that 



for any a. Thus, an entire edge of the tetrahedra lies along infinity, causing the volume 
to diverge (see figure [3]) . 

It is standard to regularise the divergence either by analytically continuing to 4 — 2e 
dimensions, or by giving the external states a non-zero mass. In the present context, 
Henn et al. J29j[30] have shown that this latter mass regularisation may be understood as 
moving onto the Higgs branch of the theory. The resulting breaking of dual conformal 
invariance can be understood geometrically in terms of moving the points on the quadric 
X ■ X = into the interior so that the geodesic tetrahedron that they determine clearly 
has finite volume. This can be done systematically by projecting from a chosen point at 
infinity onto a horosphere as follows. 

Choose a point / on the boundary of AdS that is space-like separated from each of the 
original vertices. / will be the point at infinity in region momentum space and its choice 
breaks dual conformal invariance. There is a unique AdS geodesic through I and each 
vertex and we can translate each vertex along the corresponding geodesic by replacing 



where fi 2 > is a fixed parameter (see figure HI). The points A], . . . X[ then lie on the 
horosphere A • A = 2^ 2 (A • I) 2 in AdS 5 . 



(A,_! + aXi) ■ (A,_x + aXt) = 



(29) 



Aj — >■ X[ = Aj + /i 2 (J • Xi)I 



(30) 
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Figure 4: The tetrahedra may be regularised by bringing the vertices into the interior 
of AdS along the geodesic (shown in blue) connecting their original locations to a chosen 
point I. For simplicity, we can keep all the vertices on the same horosphere, corresponding 
to giving the external states equal masses. 

With this replacement, the regularised box functions are defined by the same integrals 
as before, so that (e.g.) the regularised 3-mass box integral ia3 

f a A X[ A X!: A XL I , 

F It ^(i-l,i,j,k) = 2 / D 4 X — 1 * * fc| . (31) 

Jm a -A i-i A ' A ; A -A j A -A fc 

All the manipulations that relate this integral to the tetrahedron 3-volume ( 12 3 p (with 
vertices now at X[ etc.) are unaffected. Since the tetrahedron no longer reaches the 
boundary, its volume is finite, but will depend on / and /i 2 . Once again, explicit formulas 
for the volume of an arbitrary (non-ideal) tetrahedron and, equivalently, for a scalar box 
function with arbitrary external masses are known, both in the mathematical [36l|37] and 
physical [2"5] - l2"T] literature, and have recently been re-derived by Hodges [23] from a point 
of view that is very close to the present paper. Here we just give those cases relevant to 
the one loop MHV amplitude. Keeping only terms that do not vanish as fi 2 — > 0, the 
regularised 2-mass easy box function (figure [5]) may be written as 

Fi^(i-l,i,j-l,j) = 

f Xi-Xj \ / Xi^i-Xj-i \ 1 2 f Xi-Xj-i 
- log - J log -— - + - log ' 



tfXi-IXyl) \/j, 2 Xi- V I Xj-x-I J 2 ° \n 2 X V I Xj^-I 

l -\o^( . Xj ' Xi r l ) +uJi- Xi ' Xj : lXi :y I ) +uJi- XvXj - lXj ' 1 



2 * Xj-I X^ r IJ \ X^-Xj^Xi-lJ *\ Xi-XjXs-vI 

Xi-i'Xj Xj-i'I \ . ( Xj-Xi^i Xi-I\ f XfXj-i Xj-Xi-i 



+ Li 2 ( 1 — — J ^ + Li 2 1 - — — — — - Li 2 1 - 

Xi-x'Xj-x Xj-I J \ Xi-Xj Xi-x-I J V Xi-Xj Xi-x-Xj-x 

(32) 



7 The internal point X still obeys X ■ X = 0. 
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Figure 5: One loop MHV amplitudes involve only '1-mass' and '2-mass easy' box functions. 

whereas the 1-mass box function is 
Fiy(i-3,i-2,i-l,i) = 

( Xi— s-Xi— i \ l Xi_2'X{ \ 1 21 Xi'Xi—3 \ 

~ og U 2 Xi-z-i Xi-i-i) og Wx~Txl) + 2 og \Wx~Tx~^i) (33) 

Xi'I J \ Xi^2'Xi Xi-3-I J 6 

and the zero-mass box function is 

F^d, 2, 3, 4) = .og ^ ^ J .og ^ ^ ) - y ■ (34) 

We take the vertices of all our tetrahedra to lie on the same horosphere 

X ■ X = 2/j, 2 (X ■ I) 2 (35) 

labelled by a single value of fi 2 . These formula? may of course be simplified by normalising 
so that Xi ■ I = Xj ■ I = . . . = 1, but the expressions above serve to make the breaking of 
dual conformal invariance explicit. Terms in (|32|) - (|34|) that depend on fj 2 are not invariant 
under a scale transformation of the boundary space-time, unless this is accompanied by a 
compensating rescaling of the regulator fi 2 . Terms that depend on cross-ratios involving 
the point / are scale invariant, but not dual conformally invariant. 

The mass regularisation discussed here is related to the more commonly used di- 
mensional regularisation by a Mellin transform between the parameter \x and the e of 
dimensional regularization in dimension 4 — 2e; see appendix B of [30] for details. 




4 One loop MHV amplitudes 

The one loop n-particle MHV amplitude in M = 4 SYM may be expressed [22] as a sum of 
1-mass and 2-mass easy box functions (figure [5]), each with coefficient one, times an overall 
factor of the n-particle MHV tree amplitude. Since each box function can be represented 
as a tetrahedron in AdSs, it is natural to ask how these tetrahedra fit together to give a 
geometric representation of the full one loop amplitude. 
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Individual 2-mass easy or 1-mass box functions correspond to tetrahedra with vertices 
labelled by two consecutive pairs of integers 

{i-hhj-hj) where {i,j}e{l,...,n} (36) 

such that all four labels are distinct. There are thus n 1-mass boxes (where j = i + 2 
or i = j + 1 working cyclically with n+ 1 = 1) and n(n — 5)/2 2-mass easy boxes. The 
orientation of the tetrahedra determined by the ordering of their vertices in this list is 
thus unchanged under permutation of the pairs (i—l,z) -H- (j— 1, j). This orientation also 
induces an orientation on each face of a tetrahedron, for a 2-face is specified by a choice 
of three vertices, and we can declare the normal to the face to be 'inward' or 'outward' 
pointing depending on whether the omitted vertex lies in an odd or even position in the 
ordering given by ( 1561 . 

To construct the n-particle 1-loop MHV amplitude, we must combine the volumes of 
these tetrahedra with coefficient one to obtain the volume of the union of all the tetra- 
hedra. Perhaps surprisingly, the union is a 3-dimensional polytope without 2-boundary. 
The key point is that each 2-face is shared by precisely two tetrahedra, each inducing 
opposite orientations. In the generic case the 2-face — is shared by tetrahedra 
— — and — each representing a 2-mass easy box. In the first of 

these the omitted vertex i — 1 is in an odd place in the labelling, whereas in the second, 
the omitted vertex i + 1 is in an even position, so the orientations of the two tetrahedra 
are compatible. When are all consecutive (so j— 2 = i), the second tetrahedron 

is instead — = (i,i+l,i+2,i+3), representing a 1-mass box[§. The gluing is 

again compatible with the orientation of the individual components. 

The tetrahedra thus combine to form a closed^! three dimensional polytope in AdSs, 
whose total 3-volume is proportional to the 1-loop MHV amplitude. For example, the five 
particle amplitude consists of the five possible 1-mass boxes and lies within an AdS4 C 
AdSs. The five corresponding tetrahedra join together to form the boundary of a 4- 
simplex. For six particles, one finds a polyhedron with nine tetrahedral 3-faces that (for 
generic kinematics) cannot be restricted to live in any lower dimensional subspace of AdSs. 

These amplitude polytopes have n null edges that lie entirely on boundary of AdSs 
(forming the polygonal Wilson loop) and hence their volume diverges. The regularisation 
discussed in section [5] is compatible with the picture of gluing the basic tetrahedra into a 
polyhedron provided we always use the same horosphere (i.e., we use the same reference 
point / and parameter \x for each box). Thus the regularized amplitude will be a polytope 
with vertices brought in from infinity to lie on a horosphere. Performing the Mellin 
transform in the parameter \i as in appendix B of [30] will then give the full dimensionally 
regularized amplitude. 

8 Note that tetrahedron (i, j — 1, j, j + is not available when j : ^ i + 2 as it then represents a 2-mass 
hard box function, which does not contribute to the MHV amplitude. 

9 The four particle one-loop MHV amplitude, involving a single, zero mass box function, seems to be 
exceptional in this regard, although even this can be thought of as two copies of the same tetrahedron 
and so is still closed, albeit degenerate. 
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5 Discussion 



General, one-loop N fc MHV amplitudes in M = 4 SYM are always expressible as linear 
combinations of box functions, so a 3-volume interpretation is still possible. However, 
beyond MHV the situation is complicated by the fact that different box functions have 
different leading singularities as coefficients (31]. If one factors the 1-loop MHV ampli- 
tude out of the complete superamplitude, the ratio is conjectured to be dual conformally 
invariant and finite [3] . Intriguing evidence has emerged [32] that each finite combination 
of boxes that then appears with a particular coefficient corresponds to the volume of a 
3-polytope in AdS 5 . Furthermore, just as for the MHV amplitude itself, these polytopes 
are believed to have no 2-boundary. 

Following the tree-level discussion in [18J, it should be possible to understand the 
cancellation of spurious singularities at one loop also. The situation is more complicated 
here and there are different types of singularities that arise, and that can be spurious. 
For example, the most dominant singularities of a box function are are the infrared sun- 
gularities. These are associated to edges which go to infinity when the pairs of vertices 
at each end become null separated. According to the standard infrared properties of one 
loop amplitudes we have in dimensional regularization 



and so the physical singularities correspond precisely to those edges connecting vertex i 
to vertex % + 2, and those corresponding to the other edges must therefore be spurious. 

We expect that £-loop amplitudes can similarly be associated with volumes of higher 
dimensional polytopes embedded in the £-fold Cartesian product of AdSs. The basic 
geometry associated to the use of Feynman parameters leading to polydtopes in copies 
of RP 5 would seem to extend strightforwardly to higher loops. Again, the scheme here 
is reminiscent of the description of NMHV tree amplitudes as volumes of polytopes in 
momentum twistor space [18]. Although it is clear that it should be possible to describe 
N fc MHV amplitudes as volumes in the /c-fold product of momentum twistor space, it is 
simpler to use instead a dual description in terms of residues in Grassmannians [1911211] . It 
therefore seems plausible that the PJP 5 description of one loop boxes should extend most 
naturally to a Grassmannian description of higher loop integrals. 
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